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Abstract 
The effect of stress on storage particles within a lithium-ion battery, while acknowledged, is not fully understood. In 
this study we identify the importance of solid mechanics in the performance and reliability of the system. We identify 
three non-dimensional parameters that govern the stress response within a spherical storage particle, and we describe 
the results of numerical simulations that characterize particle stresses. The non-dimensional groups contain system 
parameters such as the diffusion coefficient, the particle radius, the lithium partial molar volume and the host 
material’s Young’s modulus. Stress maps are presented for various values of these parameters for fixed rates of 
insertion and extraction, with boundary conditions applied to particles similar to those found in a battery. Stress and 
lithium concentration profiles for various values of these parameters show that the coupling between stress and 
concentration is magnified depending on the values of the parameters.  
© 2013 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Kenneth 
Reifsnider and Anil Virkar 
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1. Introduction 
With battery technologies being applied to large-scale devices, e.g., automobiles, ageing and failure of 
the battery are not well understood. The U.S. government has specified requirements for use in electric 
vehicles, one of which is an extended lifetime of 1015 years [1]. Currently, such a lifetime is a challenge, 
and ageing is manifested primarily as a decrease in capacity, known as capacity fade, power fade, an 
increase in impedance, and an overall decrease in performance [24] 
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Figure 1 is a schematic of a lithium-ion battery, showing the two electrodes, the anode and the cathode, 
each connected to its current collector in the form of a metal plate. A dividing polymeric segment, known 
as the separator, lies between the two electrodes and is electrochemically inert. Within each electrode are 
storage particles into which and from which lithium-ions are inserted and removed. For the cathode in 
current technology, these particles consist of materials that are layered at the atomic scale, typically 
oxides, such as lithium manganate and lithium cobalt oxide. For the anode the conventional material in 
use today is graphite. In both electrodes, the lithium is stored in the space between the atomic layers, 
usually in the form of its Li+ ion with an electron localized adjacent to it in the atomic structure, a feature 
required by electrical neutrality. The electrodes are porous structures with storage particles embedded in a 
polymeric binder, e.g. polyvinylidene fluoride (PVDF), with the porosity designed to give the electrolyte 
access to the storage particles. In some cases carbon black particles are added to the cathode to boost the 
electronic conductivity, while in others carbon black is coated on the storage particles. The entire battery, 
including both electrodes and the separator, is filled with the electrolyte. In current technology, this 
normally consists of a lithium-based ionic salt, e.g. LiPF6, dissolved in an organic liquid solvent.  
 
 
 
Fig. 1. A schematic of the structure of the lithium ion battery. The main components are the current collectors, the 
electrodes, the anode and cathode and the separator. The electrodes are made up of active storage particles, binder 
and filler. Electrolyte fills the pores of the structure, including both electrodes and the separator. Lithium-ions flow 
through the separator from the anode to the cathode during discharge and vice-versa during the charging process 
 
During the discharge process, i.e. the use of the battery to supply electrical energy, lithium stored in 
the anode at the storage particle surface is oxidized to its ionic form by removal of the localized electron, 
is extracted from the particle and replaced by further lithium atoms that diffuse from the interior of the 
particles. The resulting Li+ ions move through the electrolyte to the separator and thence to the storage 
particles in the cathode, whereas the electrons cannot pass through the separator. As a consequence, the 
electrons flow through the graphite particles to the anode current collector and then to an external circuit 
connected to the cathode current collector. From there, the electrons are transported through the carbon 
black in the cathode to the surface of the cathode storage particles, where they recombine with lithium 
ions. The lithium is then inserted into the storage particle, through which it diffuses by solid state 
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transport until a uniform concentration is reached. During the battery charging process the reverse occurs, 
with lithium leaving storage particles in the cathode and moving into storage particles in the anode, while 
electrons are driven round the external electrical circuit by the charging device.  
The process of inserting lithium ions into the storage particles is known as intercalation. This can be 
defined formally as the insertion of a guest species into normally unoccupied interstitial sites in the 
crystal structure of an existing stable host material [2]. Though the chemical composition of the host 
phase initially present can be substantially modified, the basic crystal structure is preserved. The addition 
of an interstitial species causes a change in volume: this leads to strain, and, when it is heterogeneous, this 
causes mechanical stress. 
This shrinking and swelling of storage particles can lead to their comminution. Depending on the 
material being used, as much as 100% of the lithium can be extracted, often leading to significant 
shrinkage [5]. In LiMn2O4 it is observed that depletion of approximately 60% of the lithium leads to a 
volume reduction of 6.5% [6]. During charging, lithium in the cathode intercalates initially from the 
surface of the storage particle, leading to a high tensile hoop stress there as the outer layer shrinks while 
the interior preserves its volume. This phenomenon can cause cracks in the particle to grow, ultimately 
leading to comminution [3], aggravated over repeated cycling of the battery. Graphite, an anode material, 
exhibits an increase in volume by 8% when the number of lithium atoms per C ring is increased from zero 
to 0.6, i.e. to a composition C2Li [6]. Materials under consideration for future technology can store large 
amounts of Li per unit mass and volume, but also swell by large amounts. An example is Si that can store 
multiple Li ions per Si atom, but also swells by almost 300% when large amounts of Li are injected        
[4, 7, 8]. Such materials therefore generate significant stress and strain during charge and discharge 
cycling, leading to damage that likely will hamper or delay their use on a large scale.  
Given that heterogeneous swelling and shrinkage of storage particles causes stress that leads to their 
fracture and comminution, it is clear that solid mechanics has an important role in the behavior of 
electrochemical systems such as lithium-ion batteries. In addition, the swelling and shrinkage of storage 
particles can generate further problems due to the need to accommodate such deformation within the 
vehicle or device that is being powered by a battery pack. For example, in many systems, the anode and 
cathode swell and shrink by differing amounts. As a consequence, the battery has a different volume 
when it is fully charged compared to when it is completely discharged. Such a situation can present 
stressing problems if the battery, for structural or safety reasons, must be surrounded by a rigid container. 
For chemical reasons, air and other common gases often must be excluded from the cell interior, so space 
to accommodate swelling can not easily be incorporated, resulting in constraint stresses in the battery 
interior and container when it occurs. Even when the anode and cathode swelling and shrinkage have 
similar magnitudes, the fact that one swells while the other shrinks is still an issue, as it leads to relative 
motion of the separator to accommodate the associated deformations. Often this is not an issue as the 
separator is usually a polymer layer sandwiched between the 2 electrodes and moves in concert with them; 
however, in more complex designs, where the separator is integral to the battery container, stress 
generation can be the result. To summarize, solid mechanics is involved in several aspects of battery 
behavior, and it must be included in an overall scheme for modeling cell systems, as described below. 
Porous electrode theory [9] has been used extensively to represent the complex microstructure of the 
battery as a one-dimensional approximation [6, 8, 1014]. In such an approach, the electrode is 
represented as a continuum mixture that has the relevant electrical, chemical, mechanical and physical 
properties, so that ionic and electronic transport, lithium insertion and extraction, electrolyte flow, and 
electrode swelling and contraction are accurately modeled. In such one-dimensional models, Kirchhoff 
laws are used to formulate the equations for the battery electrical circuit, with the behavior coupled to the 
electrochemical response for insertion and extraction of lithium into sinks and out of sources that model 
the role of the storage particles. From the results of the solution of these equations, the internal resistance 
297 Robert M. McMeeking and Rajlakshmi Purkayastha /  Procedia IUTAM  10 ( 2014 )  294 – 306 
of the battery can be computed, along with the transients associated with opening the circuit connecting 
the battery to the load and as the battery is drained of its stored electrochemical energy. Extending these 
formulations are models in which single representative particles, or multiple ones, are treated explicitly 
and coupled to a one-dimensional battery simulator based on porous electrode theory [15, 16]. In this 
approach, the explicit treatment of the particles subjects them to boundary conditions for lithium insertion 
and extraction coupling them to the conditions prevailing for the sources and sinks representing the 
behavior of the storage particles in the one-dimensional battery simulator. In the explicit treatment of the 
particles, lithium transport and stress generation are modeled, yielding results dependent on the overall 
response of the battery. Such models have now been refined to include phase transformations caused by 
changes in the lithium concentration and their effect on the generation of stress. Garcia et al. [17, 18] have 
studied stresses within a battery electrode using a three-dimensional model, in which the entire 
electrochemistry of the battery was modeled including storage particles, binder and electrolyte pores.  
Single particle models have been used to examine the response of storage particles in detail, with stress 
generation and its effect on lithium diffusion coupled together. Christensen and Newman [6] developed a 
multi-component diffusion model for estimating the stress generated in LixMn2O4, including the effect of 
volume change during phase change. Zhang et al. [19] have formulated models for stressing in particles 
based on the analogy of thermal stress, and also took into account the effects of different particle shapes 
and phase changes [20]. Cheng and Verbrugge [21, 22] have developed analytical models for stress 
within particles based on lithium concentration, though the lithium diffusion in their formulation is not 
coupled to the presence of mechanical stress. Bohn et al. [23] formulated equations for lithium diffusion 
within particles based on a model for the chemical potential of lithium encompassing excess Gibbs free 
energy. Such models generate spinodal decompositions in binary solutions, and as a result Bohn et al. [23] 
are able to simulate the effects of phase change and staging in the storage particles associated with 
changes in the lithium concentration. Such transitions generate very large stress magnitudes in the particle 
in comparison to those that prevail in the absence of phase change and staging. 
Previous work has shown that storage particles within battery electrodes develop cracks over time and 
eventually comminute [2427]. There have been several attempts at applying fracture mechanics to these 
problems in order to predict conditions conducive to cracking [2832]. Criteria have also been suggested 
for avoiding fracture and comminution [3336].   
In this paper we summarize the results of simulations that predict the generation of stress in storage 
particles, and present and describe property maps that identify the parameters determining the stress 
response. The equations and maps are presented in non-dimensionalized form, with three important 
dimensionless parameters identified.  
 
2. Formulation 
In this section the model for lithium diffusion coupled to stress generation is presented in non-
dimensionalized form. Only spherical particles are considered, and intercalated solutions are assumed to 
be thermodynamically ideal. Storage material is assumed to expand and contract isotropically during 
intercalation and de-intercalation of lithium. For the materials considered, swelling strains are small, and 
thus the mechanics of infinitesimal straining can be applied. Furthermore, the partial molar volume of 
lithium in the intercalation solution is assumed to be independent of lithium concentration. For such 
conditions, Bohn et al. [23] and Purkayastha and McMeeking [37] have shown that diffusion of lithium is 
predicted by 
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where t is time, D0 is the diffusion coefficient for transport of lithium in the host material, and r0 is the 
radius of the particle, 
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where r is the radial coordinate measured from the center of the particle,  
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where  Li:  is the partial molar volume of lithium in the host material, E is Young’s modulus, assumed to 
be independent of the lithium concentration, R is the gas constant, and T is the absolute temperature, and 
 
ˆ
E
VV  ,                  (6) 
 
where V  is the hydrostatic stress. In dimensionless form, the hydrostatic stress for a traction free particle 
is given by 
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where Q  is Poisson’s ratio and 
 
max
Li Li maxc:H                                 (8) 
 
is the volume strain associated with the difference between host material devoid of lithium and fully 
saturated.  
During galvanostatic extraction or insertion of lithium, where the flux of lithium through the surface of 
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the particle is held constant, the boundary condition for the dimensionless lithium concentration,  Li ˆˆ ˆ,c r t , 
is 
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with in being the current density due to lithium-ions exiting through the particle surface and F being the 
Faraday constant giving the magnitude of the charge on a mole of electrons. 
During potentiostatic extraction or insertion of lithium, where the electrical potential at the surface of 
the particle is held constant, the boundary condition is 
 
 Li ˆˆ 1, 1c t                  (11) 
 
during insertion and  
 
 Li ˆˆ 1, 0c t                 (12) 
 
during extraction. Note that Eqs. (11) and (12) neglect the effect of stress on the open circuit potential 
(OCP) at the surface of the particle, but account for the fact that lithium concentration controls its 
chemical potential and therefore the OCP. 
Paurkayastha and McMeeking [37, 38] carried out simulations using the above formulations. In the 
case of insertion, they performed the computations with conditions such that the particle has a uniform 
initial lithium concentration Lic  = 0. Initially it is charged galvanostatically, with uniform lithium flux 
through its entire free surface, until the surface reaches the maximum permitted lithium concentration, i.e. 
until
 
 Li ˆˆ 1, 1c t  . Thereafter, the concentration at the particle surface is held fixed while the insertion 
process continues. The simulation is terminated for insertion when the average value of Li Li maxˆ /c c c  
within the particle became equal to 0.99. Note that the average value of Li max/c c  in the negative electrode 
is known as the state of charge (SOC). We will use the term SOC for the average value of Li Li maxˆ /c c c  
for any storage particle, notwithstanding whether it is for the positive or negative electrode. 
Extraction was treated in [37, 38] similarly. In this case the initial SOC is 1.0 and the lithium 
concentration in the particle is uniform. The lithium is extracted galvanostatically with uniform flux 
through the particle surface until the lithium concentration at the surface is zero, i.e. until
 
 Li ˆˆ 1, 0c t  . 
Thereafter, the concentration at the particle surface is held fixed while the insertion process continues 
until the SOC becomes equal to 0.01.  
The procedure of using galvanostatic boundary conditions followed by potentiostatic ones is a realistic 
way of simulating the history experienced by storage particles during charging of a cell. The commonest 
procedure for charging batteries is to hold the charging current fixed until the potential difference across 
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the cell reaches a specified value. Thereafter, the voltage across the cell is held constant, and this 
sequence of events is well approximated by the use of galvanostatic followed potentiostatic boundary 
conditions at the surface of a storage particle. The stage at which the boundary conditions are changed 
from galvanostatic to potentiostatic is referred to as the transition point.  
 
3. Results 
 
The pertinent results that we present from the work of Purkaystha and McMeeking [37, 38] are the 
maximum stress generated in a storage particle during insertion or extraction of lithium. The 
circumferential stress in a particle, in dimensionless form, is given by 
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In the case of extraction, the highest stresses occur at the particle surface as a circumferential stress, and 
therefore Eq. (13) is evaluated at rˆ = 1 and the largest value over time is obtained to identify the 
maximum stress experienced by the particle. In the case of insertion, the highest stresses occur at the 
center of the particle as a purely hydrostatic stress, and therefore Eq. (13) is evaluated at rˆ = 0 and the 
largest value over time is obtained to identify the maximum stress experienced by the particle.  
The results are presented in terms of three irreducible parameters, Iˆ , :ˆ  and maxLiH .  Note that 
Poisson’s ratio, Q , is a fourth parameter, but is unlikely to have a strong influence on the maximum stress 
experienced by a storage particle.  As a consequence, Purkayastha and McMeeking [37, 38] carried out all 
simulations with Q  = 0.25. The parameters Iˆ  (Eq. (10)) and maxLiH  (Eq. (8)) have an obvious influence. 
The latter signifies by how much the host material swells when it intercalates lithium. The greater the 
magnitude of maxLiH  the larger the stresses will be. The parameter Iˆ  quantifies the rate at which lithium is 
inserted into or extracted from the particle relative to the rate at which it can be transported within the 
particle. As volume diffusion is involved, a length scale enters the parameter, in this case the radius of the 
particle. The greater the magnitude of Iˆ  the larger will be the stresses, because surface insertion or 
extraction will overwhelm the host material’s ability to transport the lithium internally; as a result large 
concentration gradients will be generated, leading to high stress magnitudes. 
The remaining significant parameter, :ˆ  (Eq. (5)), plays an interesting role, as it determines the 
importance of stress gradient driven diffusion compared to concentration driven rates (see Eq. (1)). If :ˆ  
is large, stress gradient driven diffusion is dominant, and thus significant stress differences within the 
particle lead to rapid movement of lithium; such an effect will tend to quickly equalize the concentration 
of lithium that is generating the stress, thereby relaxing it rapidly. As a consequence, there will be little 
tendency for high stress to develop at given values of Iˆ  and maxLiH . If :ˆ  is small, stress gradient driven 
diffusion is unimportant, and thus significant stress differences within the particle do not lead to rapid 
movement of lithium; thus, large stress differences in the particle are readily tolerated without being 
relaxed by lithium diffusion. As a consequence, there will be a greater tendency for high stress to develop 
at given values of Iˆ  and maxLiH . 
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     (b) 
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(c) 
Fig. 2. Three-dimensional stress maps generated for (a) ˆ 1500:  , (b) ˆ 150:  , (c) ˆ 10:  , where :ˆ  is the normalized 
lithium partial molar volume. The peak maximum principal stress during galvanostatic extraction followed by potentiostatic 
extraction is shown as a function of the normalized lithiation strain  
max
LiH and the normalized extraction rate Iˆ  
 
The effects just described are visible in the Figs. 2 and 3, which are stress maps for extraction (Fig. 2) 
and insertion (Fig. 3) of lithium for various values of the dimensionless parameters Iˆ  and maxLiH  and ȍˆ , 
all with Q  = 0.25. These results are taken from Purkayastha and McMeeking [37, 38], where they are 
more fully described and discussed. 
 
 
(a) 
 
 
303 Robert M. McMeeking and Rajlakshmi Purkayastha /  Procedia IUTAM  10 ( 2014 )  294 – 306 
 
 
(b) 
 
 
 
 
(c) 
 
Fig. 3. Three dimensional stress maps of the maximum stress experienced during insertion of lithium into a spherical 
storage particle are plotted as a function of maximum lithiation strain maxLiH  and the normalized insertion rate Iˆ  for 3 
values of :ˆ , (a) ˆ 1500:   (b) ˆ 150:  ,  (c) ˆ 15:  . 
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